The degree of an irreducible complex character afforded by a finite group is bounded above by the index of an abelian normal subgroup and by the square root of the index of the center. Whenever a finite group affords an irreducible character whose degree achieves these two upper bounds the group must be solvable.
If Z is the center of G it is easy to prove that f(l) This theorem will be applied to G/A to give the result.
Since the degree of any irreducible character is bounded by the index of an abelian subgroup, A is a maximal abelian normal subgroup of G, so ZC4. If x, n, and P are sylow ^-subgroups of Z, A, and G respectively then irCncp.
Moreover ir is contained in the center of P, n is an abelian normal subgroup of P, and n is a normal subgroup of G. where the a* are conjugate linear characters on II (conjugate by elements in P). Let ot=ct1 and gEG, it follows that a(,) is contained in X(l,> I n which in turn is contained in f(ff) | n = f | n = raX | n-Thus a(o) = a* for some i, and every G-conjugate of a is a P conjugate of a. To determine n observe that the p-part of f(l) is It is also easy to observe that if G is a group satisfying all the hypotheses of the theorem and if we let H = G/A then the natural semidirect product of A by H also satisfies the hypotheses of the theorem.
There is a central extension of AiXCs (Ai the alternating group of order 12, C3 the cyclic group of order 3) which is a group with an irreducible character of large degree, this group is not nilpotent. 
